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ABSTRACT
We idealize giant molecular clouds as Ñattened sheets, incorporating the concepts of strong magne-
tization, star formation from dense cores, and efficient bipolar outÑows. This toy model reproduces the
observed tendency of molecular clouds to form Ðlaments without the need to invoke large-scale overall
gravitational collapse that would yield a rate of star formation far in excess of empirical Galactic values.
It yields line widthÈsize relationships that are in rough accord with observations, although better simula-
tions are needed that remove the imposition of periodic boundary conditions and allow for a more sys-
tematic treatment of subgrid turbulence. The model lends credence to earlier ideas concerning the
self-regulation of star formation by turbulence and photoionization.
Subject headings : ISM: clouds È ISM: jets and outÑows È ISM: kinematics and dynamics È MHD È
stars : formation
1. INTRODUCTION
Millimeter-wave radio maps of giant molecular clouds
(GMCs) reveal that they frequently have a Ðlamentary
structure (e.g., Bally et al. 1987 ; Mizuno et al. 1995 ; Fal-
garone et al. 1998 ; Nakahama et al. 1998 ; Wiseman & Ho
1998). Motivated by similar phenomena in cosmology (see
the review of Bertschinger 1998), some workers have per-
formed numerical simulations to explain the formation of
such Ðlamentary clouds as the products of the gravitational
collapse and fragmentation of nonmagnetized gaseous con-
Ðgurations containing many thermal Jeans masses (e.g.,
Klessen, Burkert, & Bate 1998 ; Nagai, Inutsuka, & Miyama
1998).
Gravitational collapse along the shortest available
dimension (Ðrst into sheets, then into lines, then into points)
is a viable option for cosmology because the free-fall time-
scale in that problem is automatically of the same ordertffas the age of the universe (in models having approximately
the closure density). The average density SoT in molecular
clouds is 8 orders of magnitude times higher than the
closure density of the universe ; thus, the corresponding free-
fall time is 4 orders of magnitude lower thantffP SoT~1@2the age of the universe. Large pieces of molecular clouds
cannot be converting into stars on a free-fall timescale
without exceeding by 2 orders of magnitude the known rate
of star formation in the Galaxy, 3È5 yr~1 (Scalo 1986 ;M
_Evans 1999). In particular, Zuckerman & Evans (1974)
point out that the large line widths seen in most molecular
clouds cannot have an origin in large-scale gravitational
collapse, precisely because such an interpretation would
lead to far too fast a turnover of molecular gas into stars.
Most astronomers today believe that large GMC line
widths are associated with magnetohydrodynamic (MHD)
waves and turbulence (Arons & Max 1975 ; Shu, Adams, &
Lizano 1987 ; Myers & Goodman 1988 ; McKee et al. 1993).
Numerical simulations of MHD turbulence in multiple
spatial dimensions show that sheets and Ðlaments develop
naturally as a result of the dissipation of this turbulence
(Mac Low et al. 1998 ; Padoan & Nordlund 1999 ; Ostriker,
Gammie, & Stone 1999). The same simulations indicate the
decay of free turbulence is rapid, only weakly dependent on
the degree of magnetization of the cloud and occurring on a
timescale comparable to an eddy crossing time. For self-
gravitating, virialized, clouds the latter is comparable to the
free-fall time, which revives the conundrum of too fast a rate
of star formation, unless (1) there is an efficient replenish-
ment of cloud turbulence (McKee 1989) or (2) the levels of
magnetization in most GMCS make them close to margin-
ally critical objects (Shu et al. 1999). In this paper, we shall
combine the two possibilities.
Many researchers (e.g., Norman & Silk 1980 ; Lada 1985 ;
Welch et al. 1985 ; Fukui et al. 1986 ; McKee 1989 ; Bally et
al. 1999) have proposed that the mechanism responsible for
the replenishment of GMC turbulence is bipolar outÑows
from young stellar objects (YSOs) (Cudworth & Herbig
1979 ; Snell, Loren, & Plambeck 1980 ; Rodriguez, Ho, &
Moran 1980). A popular model supposes that YSOs have
disks that transport mass inward at a rate either byM0
DMHD instabilities (Balbus & Hawley 1992) or by spiral
density-waves (e.g., Laughlin, Korchagin, & Adams 1998),
but before reaching the star, a magnetocentrifugal mecha-
nism turns a fraction f of into a disk wind of mass-lossM0
Drate (e.g., Pudritz & Norman 1986 ; Shu et al. 1988) :M0 w
M0 w \ fM0 D . (1)
In the generalized X-wind model, (Shu et al. 1994,f B 132000).
A highly Ñattened conÐguration is locally subcritical or
supercritical if the ratio of the mass per unit area & to the
Ñux per unit area (the vertical component of the magnetic
Ðeld) measured in units of (2nG)~1@2, where G is theB
z
,
universal gravitational constant, has a value




which is, respectively, less than or greater than unity (Mestel
& Spitzer 1956 ; Li & Shu 1996). Conversely, if we model
turbulent support as a polytropic or logatropic scalar pres-
sure with a relatively soft equation of state (e.g., Lizano &
Shu 1989 ; Holliman & McKee 1993), then all sub-Alfve nic
magnetostatic conÐgurations with j ¹ 1 are highly Ñat-
tened in the z-direction normal to the sheet (e.g., Galli et al.
1999).
Consider an isopedic sheet with arbitrary variations of
&(x, y, t) but with spatially constant j, which remains tem-
porally constant because of Ðeld freezing. If this sheet is
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isolated in space (i.e., vanishing magnetic and gravitational
Ðelds as z] ^O), the magnetic tension force exerted in the
plane of the sheet (z\ 0) is a negatively scaled version of
self-gravity, with the constant of proportionality equal to
[1/j2 (Shu & Li 1997). In other words, the repulsive ten-
dency of magnetic forces exceeds the attractive tendency of
self-gravity for subcritical clouds, j \ 1, and such objects
have to be conÐned, at least in part, by external pressure.
Highly subcritical conÐgurations with j > 1 are therefore
di†use clouds, not molecular clouds. Moreover, because the
thermal Jeans mass is much less than the total mass of a
GMC, and because any initial turbulence supporting the
cloud is soon dissipated, highly supercritical GMCs with
j ? 1 are likely to have disappeared from the Galaxy long
ago by gravitational collapse. Thus, GMCs in the Galaxy
today are probably everywhere close to being marginally
critical, j D 1 (say, within a factor of 2), which is a conclu-
sion supported by empirical Zeeman measurements of
many regions (e.g., Heiles et al. 1993 ; Crutcher 1999).
2. A TOY MODEL
In this section, we adopt as a toy model the hypothesis
that molecular clouds are spatially Ñat sheets with an
exactly critical level of magnetization, j \ 1. We further
suppose that thermal pressure is negligible at scales ?0.1 pc
of primary interest here. Below 0.1 pc, clouds need to be
treated as fully three-dimensional objects since thermal
pressure in cloud cores gains in importance relative to the
other forces of the problem (Myers 1995 ; Goodman et al.
1998). Empirically, structure associated with turbulence
appears to persist down to very small scales, although some
debate exists concerning its exact form (cf. Elmegreen &
Falgarone 1996 ; Blitz & Williams 1997 ; and Falgarone et
al. 1998). In this work, except for a crude treatment of
subgrid turbulence in ° 5, we abandon any attempt to
describe dynamics below the grid scale of 0.1 pc. On scales
larger than 0.1 pc in Ñattened clouds, we may self-
consistently ignore both the gas and magnetic pressures but
not the magnetic tension (see Shu & Li 1997). With Ðeld
freezing, magnetic forces then exactly balance gravitational
forces for all times in the sheet. Because there are no net
forces in the problem if we explicitly treat the above-grid
turbulence as actual motions rather than as some sort of
artiÐcial eddy stress, the equations of motion are especially
simple : Small pieces of the sheet move at constant speed in
a straight line until they collide with other small pieces of
the sheet. When di†erent pieces of the sheet do collide, the
shock jump conditions (for a zero-temperature sheet) are
also simple : The collision occurs inelastically, with the con-
servation of total mass and vector momentum of the
various pieces and with the removal of all relative motion
along the line of centers after the pieces coagulate. Obser-
vations by Williams & Myers (1999) and Lee, Myers, &
Tafalla (1999) of converging motions on scales appreciably
larger than 0.1 pc toward starless cores may be symptom-
atic of this mechanism for forming dense structures in
molecular clouds.
Continual dissipation of energy occurs when pieces of the
sheet intersect and merge into Ðlaments. The self-gravity in
a dense Ðlament would be intense, but it would be balanced
by an opposite and equally intense magnetic tension created
by all the Ðeld lines that bunch together tightly in the mid-
plane while spreading out quickly above and below the
sheet. We predict therefore that magnetic Ðeld lines thread
mainly perpendicularly to the long axes of well-deÐned Ðla-
ments, in a cylindrical fan above and below the sheet.
Exact force balance would be lost, however, if the condi-
tion of Ðeld freezing breaks down. Ambipolar di†usion and
thermal pressure (relative to ““ turbulent pressure ÏÏ) become
important e†ects when cloud surface and volume densities
rise beyond certain threshold values (McKee 1989 ; Li,
Evans, & Lada 1997). For the simulation that follows, we
assume that ambipolar di†usion becomes very efficient
when the local surface density &, averaged over a unit cell
(representing a molecular cloud core of typical diameter 0.1
pc) in a grid-based scheme, rises to R\ 100 times the global
value averaged over the entire computational box. In&avg° 4 we shall vary the threshold ratio byR4&max/&avgfactors of 10 in both directions (by changing and&avg)examine the corresponding changes in the rate of star for-
mation.
It is perhaps a new theoretical concept that on a global
scale in GMCs, magnetic forces e†ectively cancel self-
gravity (an exact consequence for a j \ 1 cold sheet) and
that it is only in dense cores (large and small) that molecular
clouds become truly self-gravitating and therefore capable
of forming stars. This concept may underlie the obser-
vational notion that, except for dense cores, molecular
clouds are mainly sterile to star formation (Evans 1999), as
well as the remarkable similarity between the fractal struc-
tures and turbulent properties seen in di†use clouds (where
self-gravity is universally agreed upon to be relatively
unimportant) and in molecular clouds (see, e.g., Elmegreen
1999), with self-similarity breaking down in the latter only
at the small scales of dense cores (Blitz & Williams 1997).
Nakano (1979) and Lizano & Shu (1989) suppose, as in
the present paper, that the dimensionless mass-to-Ñux ratio
j in the background cloud starts with a value close to unity.
They Ðnd via three-dimensional axisymmetric calculations
that j needs to increase by ambipolar di†usion only by a
factor of D2 before quasi-static contraction of a cloudÏs
core reaches a pivotal state of sufficient central concentra-
tion as to ensure its subsequent gravitational collapse (see
also Li & Shu 1996, 1997). The timescale associated with
bringing magnetically supportable regions at j \ 1, which
are shielded from all forms of ionizing radiation other than
Galactic cosmic rays (see ° 5), to pivotal states at j \ 2,
where thermal pressure is also a substantial part of the
overall support against self-gravity, occupies perhaps a few
times 105 yr. A similar timescale is associated with the
inside-out gravitational collapse of such pivotal states to
give star formation (Shu 1977 ; A. Allen & F. H. Shu 2000, in
preparation). Both processes have a much shorter duration
than the evolutionary time of tens of Myr that characterize
the GMC simulations of this paper. On a timescale of tens
of Myr, we may approximate the formation of individual
stars to occur instantaneously.
The calculations of Ciolek & Mouschovias (1994) and
Basu & Mouschovias (1994) for two-dimensional axisym-
metric sheets seemingly come to a di†erent conclusion, but
their cloud envelopes have dimensionless mass-to-Ñux
ratios j D 0.02. Condensation by ambipolar di†usion from
such highly subcritical conÐgurations (whose surfaces need
to be kept from expanding by artiÐcial boundary
conditions) require unrealistically long times to produce
gravitationally unstable cores. In our model, tens of Myr
are required for outÑows and turbulence to shove matter
tens of pc at typical speeds of 1 or 2 km s~1, but once dense
fragments have been assembled by such a turbulent velocity
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Ðeld (Nakano 1998), their further condensation into cloud
cores and collapse into stars (and disks) is very fast.
In all of the simulations presented in this paper, we start
with 32 particles in each of 256] 256 cells (i.e., a total of
2,097,152 gas particles), with the cell length in the x- and
y-directions being 0.1 pc. Calculations with 8 times fewer
particles yield grainier but similar results (see, e.g., Shu et al.
1999). We have also carried out simulations with 4 times
more particles and noticed no important changes. For the
case R\ 100, when any cell acquires 3200 particles, 256
particles are assumed to form one or more stars ; 128 par-
ticles [corresponding to i.e., to af/(1 [ f )\ 128/256 \ 12,fraction are ejected in the form of a bipolar windf\ 13]with a terminal velocity equal to 230 km s~1. The corre-vwsponding momentum input, 29,440 particles km s~1, is
immediately shared by the 2944 ambient particles in the cell
(128 in the original wind plus 2816 in the cell that did not
participate in the gravitational collapse but got swept up in
the outÑow) ; thus, a molecular outÑow of 10 km s~1 carried
by these 2944 particles impinges on neighboring cells as a
result of the star formation process in a dense core.
For deÐniteness we imagine the mass in an active cell
(represented by 3200 particles when R\ 100, by 320 par-
ticles when R\ 10, etc.) equals the typical 11 core thatM
_Onishi et al. (1998) Ðnd per star-forming event in the Taurus
molecular cloud. The corresponding visual extinction to the
center of the precollapse core (halfway through it) is then 25
magnitudes. When R\ 100, 32 particles per cell&avg \then yields 0.5 visual mag of extinction in the perpendicular
direction to background sources and double this value, or
mag, in a typical slant direction. This extinctionA
V
\ 1
characterizes the kind of cloud that we are simulating.
The assignments of the mass of each particle, the velocity
of outÑows, and the length scale of the computational grid
are arbitrary, and the reader may prefer to use other
numbers by appropriate rescalings. With our scaling, the
total momentum imparted by a typical bipolar outÑow over
its entire life history is D100 km s~1, an order ofM
_magnitude larger than conventional values sometimes cited
in the literature for observed molecular outÑows from low-
mass YSOs (see the reviews of Lada 1985 and Bachiller
1996). However, observations of parsec-long optical jets
demonstrate that YSO outÑows are episodic, with many
sources having blown through their surrounding cloud
cores ; thus, outÑows are much longer lived than earlier
estimates based on apparent sizes and Ñow speeds
(Reipurth, Bally, & Devine 1997). These developments
support an optimistic estimate for the total momentum
input from YSO outÑows.
In Figure 1, contours of gravitational equipotential are
calculated with periodic boundary conditions in the x-y
directions and are plotted on a gray scale. IsoÈsurface
density contours would look similar but with much greater
contrast ratios, a failing of the models to which we shall
return in ° 5. The simulations are started with a uniform
and smooth surface density distribution, except that the 32
particles in each cell are given random spatial positions.
They are also given small x and y velocities (of order 2 km
s~1) that vary sinusoidally with spatial position on the
above-grid scale.
For each YSO that forms, we assume that an outÑow is
ejected within wedges of e†ective opening angle 45¡ aligned
parallel and antiparallel to the spin angular momentum
vector of the inner edge of the YSO accretion disk. The
asymptotic behavior of the X-wind has a more complex
behavior (Shu et al. 1995), and the resulting outÑow and
blowout are also shaped by the spatial dependence of the
surrounding molecular cloud core (Li & Shu 1996), but we
have not attempted to account for such details in an ideal-
ized simulation in two dimensions. We further assume that
magnetic braking of the precollapse cloud core tends to
align the spin vector parallel to the local direction of the
interstellar magnetic Ðeld B (see Mouschovias & Paleo-
logou 1980 for relative efficiencies of braking for the parallel
and perpendicular rotators). In such a model, YSO outÑows
align with B in the ambient medium. On the rationale
that stars are unlikely to form exactly in the midplane of
the sheet, and to keep the calculation (artiÐcially) two-
dimensional, we thus orient the bipolar outÑow axes along
the local direction of the horizontal component of the mag-
netic Ðeld just above or below the midplane of the sheet.
This orientation rule yields the only reason to calculate the
geometries of the gravitational and magnetic Ðelds, since, in
their dynamical inÑuence on the gas not inside stars, they
are assumed always to balance.
We follow the fate of the ejected wind by the same
dynamic laws as the cloud gas. Thus, the bipolar outÑows
sweep up ambient gas into thin moving shells that obey
vector momentum conservation. This process resupplies the
““ turbulence ÏÏ that is lost elsewhere through inelastic col-
lisional agglomeration. The individual moving shells also
eventually merge to form new dense Ðlaments and cores
that give rise to further generations of young stars and out-
Ñows.
Figure 1a yields the conÐguration after 2.5 Myr of evolu-
tion, when the system still reÑects the near-periodicity of the
starting conditions. At 15 Myr, the conÐguration as dis-
played in Figure 1b has lost all memory of the initial condi-
tions. Small dense cores have formed that have given birth
to stars with outÑows. The directions of the outÑows can be
deduced by noting that the magnetic Ðeld B is locally paral-
lel (or antiparallel) to the gravitational Ðeld g everywhere,
and the components of g (in the x- and y-directions) are, of
course, perpendicular to the equipotential contours that are
being plotted in Figure 1.
The eye easily picks out Ðlaments in all of the three later
Ðgures. The Ðlaments are dotted by dense cores along their
length. Once there is any tendency for elongation in the x-y
plane, the associated magnetic Ðeld orientations favor out-
Ñows that are directed along the short axis of that elon-
gation. (For a vivid demonstration that nature might have
reproduced this tendency, see Yu, Bally, & Devine 1997.)
These bipolar outÑows then sweep up ambient gas that also
tends to form elongated structures with similar spatial
orientations. Two adjacent parallel Ðlaments Ðring outÑows
at each other reinforce the compressional tendency,
although they also ultimately blast each other apart.
Figure 1c shows the situation after 27.5 Myr. Although
cloud Ðlaments and cloud fragments exist throughout the
map, notice that the overall region is in neutral force
balance. Gravitational collapse is not occurring anywhere
except at the centers of the densest cloud cores. Figure 1d
depicts the conÐguration after 47.5 Myr, when 45% of the
original mass of the cloud has been turned into stars, which
are distributed more or less uniformly throughout this
region (although some have migrated out of the original
computational area, to be replaced by stars from neighbor-
ing areas because of the periodic boundary conditions). The
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FIG. 1.ÈEquipotential plots of toy model simulation of the evolution of a j \ 1 molecular cloud sheet for the case R\ 100 and no subgrid turbulence.
Each side of the computational box measures 25.6 pc. (a) : time of 2.5 Myr ; (b) : 15 Myr ; (c) : 27.5 Myr ; (d) : 47.5 Myr.
gas has been pushed by outÑows in the interior toward the
edges of the computational box, but the periodic boundary
conditions prevent any permanent loss of gas from the
region. This artiÐcial feature probably makes our toy model
longer lived than real GMCs. Moreover, the entire simula-
tion has broken down by 47.5 Myr since a substantial frac-
tion of the total initial mass has been converted into stars
and is no longer threaded by the corresponding magnetic
Ñux.
Our simulations resemble the independent work of Scalo
& Chappell (1999), who also considered wind-driven
models of star formation in a simplifying two-dimensional
geometry, but in a Ðnite-di†erence treatment of the Ñuid
continuum rather than particles in a cell. Where they ignore
self-gravity and magnetic Ðelds, we explicitly invoke their
balance in a critically magnetized cloud. Instead of bipolar
outÑows, Scalo & Chappell adopt isotropic winds, which
are somewhat less e†ective in producing long Ðlamentary
372 ALLEN & SHU Vol. 536
FIG. 2.ÈLine widthÈsize relationship at 2.75, 27.5, and 275 Myr for the
cases R\ 10, 100, and 1000, when all three models have turned a similar
fraction of gas into stars. The quantity is computed for a line of sightvrmsinclined at 45¡ with respect to the disk normal. All three simulations are
performed with zero subgrid turbulence, so goes to zero by Ðat belowvrmsL \ 0.1 pc.
structures than our calculations. It would be interesting to
compute the two-point angular-correlation function for our
models, as they do for theirs, but we believe such computa-
tion is premature until after the removal of periodic bound-
ary conditions (see below).
3. LINE WIDTHÈSIZE RELATIONSHIP
In the curve labeled R\ 100 in Figure 2, we plot the line
widthÈsize relationship for the simulation in Figure 1 at a
model time of 27.5 Myr. Corresponding plots at 15 and 47.5
Myr look very similar, except for minor di†erences attribut-
able to either transients or the gradual depletion of cloud
gas. The graphs in Figure 2 are computed from the rms
velocity dispersion of gas particles measured along avrmsline of sight inclined 45¡ with respect to the disk plane and
over square regions of di†erent sizes L . The dashed line
represents LarsonÏs (1981) law,
vrms P L0.5 , (3)
with the proportionality constant chosen so that vrms \ 1km s~1 at L \ 1.6 pc. The computed relationship departs
TABLE 1
CHARACTERISTIC TIMESCALE FOR STAR FORMATION q
*
WITH NO SUBGRID TURBULENCE
R\ 10, R\ 100, R\ 1000,
v0\ 0 v0\ 0 v0\ 0
Percent in Stars (Myr) (Myr) (Myr)
10 . . . . . . . . . . . . . . . 3.8 44 570
20 . . . . . . . . . . . . . . . 3.5 46 510
30 . . . . . . . . . . . . . . . 4.4 55 530
40 . . . . . . . . . . . . . . . 5.4 60 630
from LarsonÏs law (1) at small L because our rule for turbu-
lent dissipation forces to go to zero inside any given cellvrmsfor L \ 0.1 pc and (2) at large L because our imposition of
periodic boundary conditions forces sampling of identical
regions once L exceeds 25.6 pc. Apart from the distortions
produced by these two features (which may not be entirely
ad hoc ; see Myers & Gammie 1999), the computed line
widthÈsize relationship has roughly the right velocities at
the corresponding length scales (cf. Myers 1995). In particu-
lar, it might have been thought (e.g., Fleck 1981) that any
outÑow model for cloud turbulence would produce the
largest line widths at the smallest scales (from which the
outÑows emanate), which would be in contradiction with
the positive exponent in LarsonÏs law. This naive expecta-
tion overlooks the tendency, however, for YSO winds to
drive large velocities in regions where the outÑows channel
into large relative voids, whereas they impart only small
velocities when they sweep into small dense cores (see also
Fleck 1983).
Also plotted in Figure 2 are the results from simulations
in which every parameter is held the same as in Figure 1
except for the ratio of threshold and averageR4&max/&avgsurface densities. The star formation rates of the three cases,
R\ 10, R\ 100, and R\ 1000, are very di†erent (see ° 4),
and the comparisons in Figure 2 have been made at simula-
tion times when similar fractions of the GMC have been
turned into stars. Figure 2 shows that the line widthÈsize
relationship does depend on the physical conditions of the
underlying cloud, but the dependence is not a sensitive one.
In particular, clouds of high average surface density (low R)
have high rates of star formation and therefore high rates of
turbulent energy injection, but they also have high rates of
turbulent dissipation. The enhanced dissipation rate does
not exactly o†set the enhanced injection rate, yielding turb-
ulent speeds that are somewhat larger in regions of more
active star formation, but the e†ect is milder than one might
have guessed when the mean star formation rate varies by 2
orders of magnitude (see Table 1). This result ameliorates a
frequent criticism directed against the general approach : If
YSO outÑows stir GMC turbulence, why do we see similar
levels of turbulence in clouds with very di†erent levels of
star formation?
4. STAR FORMATION RATE
Figure 3 displays the cumulative fraction of stars formed
as a function of simulation time for the model of Figure 1.
Notice that the cloud is completely sterile to star birth
during the Ðrst 10 Myr. Because of transients introduced by
the arbitrary initial conditions, simulation time is not a
useful measure of cloud age or expected lifetime. Instead, we
deÐne a characteristic timescale for star formation, based on




4 MGMC/M0 * , (4)
where is the star formation rate of a cloud when theM0
*mass left in its gas is For the simulation of Figure 1,MGMC.Myr during its period of active star formation (seeq
*
B 50





_so the corresponding timescale Myr.q
*
B 250
Table 1 gives the resulting characteristic timescales forq
*our simulations with di†erent contrast ratios R4&max/&avgat simulation times when 10%, 20%, 30%, and 40% of the
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FIG. 3.ÈMass accumulated in stars as a function of GMC evolutionary
time for the case R\ 100 and no subgrid turbulence.
original gas mass of the GMC has turned into stars. Notice
that scales with approximately asq
*
R4&max/&avg q* P R,which is what one expects for agglomeration theories of star
formation from discrete cloudlets. In order for such models
to yield a star formation timescale consistent with theq
*current average in the Galaxy, Myr, we wouldq
*
B 250
nominally require RB 500. Such a choice is too extreme a
contrast ratio for most GMCs, and leads us to examine in
° 5 the inÑuence of subgrid turbulence.
5. SUBGRID TURBULENCE
The last two sections have revealed two principal inade-
quacies of the simulations presented so far : (1) they yield
line widthÈsize relationships that have too much curvature
in a log-log plot, and (2) they yield too high a rate of star
formation for realistic values of the contrast parameter R4
There is a third failing that we have glossed over&max/&avg.until now, and that is a tendency for the isoÈsurface density
plots corresponding to the equipotential plots of Figure 1 to
have too many regions of high and low density and too few
regions of moderate density. All three discrepancies have a
common cause.
In models in which gas particle encounters are taken to
be perfectly inelastic, compressive Ñows that lead to colli-
sions between parcels of gas can only add to, and never
subtract from, the density of such parcels. Expansive Ñows
that decrease & in the general turbulent Ðeld can and do
occur in the simulations, but they are eliminated by Ðat on
the subgrid scale. Because all particles within a cell are
constructed to have identical velocities, they move together
in space as a unit, accumulating more mass as they sweep
up loose parcels of gas. Thus, as the simulation proceeds,
there is an irreversible buildup of parcels with large values
of &, which eventually leads to too high a rate of star forma-
tion. The appearance of YSOs with bipolar outÑows
reverses the agglomeration process, but to rely on this
mechanism as the only disruptive inÑuence in the problem
creates quasi-steady states that have the difficulties itemized
in the previous paragraph.
It is, of course, a theoretical oversimpliÐcation to assume
that the spectrum of turbulence induced by bipolar out-
Ñows, and followed explicitly by the simulations for scales
above the size of the grid, suddenly stops at scales of the
grid size and smaller. Moreover, empirical evidence exists
that the spectrum of turbulent Ñuctuations continues to
scales well below 0.1 pc (see, e.g., Falgarone et al. 1998). To
include the e†ects of such turbulence, we adopt the follow-
ing procedure. At each time step, after Ðnding the average
velocity in each cell, instead of giving every particle in the
cell this same exact velocity, we add on x and y components
randomly chosen for each particle to lie between 0 and ^v0,with equal to an eigenvalue (taken to be constant in timev0and space for a given value of R) of the self-consistent pro-
cedure described below. The correct choice for the case
R\ 50 turns out to be km s~1, roughly whatv0\ 0.195observations imply for scales of 0.1 pc (e.g., Myers 1995) and
roughly what would be appropriate if we were to extrapo-
late by LarsonÏs power law to the grid size of the calculation
(see Fig. 6). We otherwise perform the simulations exactly as
before.
The improvement in the simulation results is quite dra-
matic when the turbulent velocities on the subgrid scale
have sufficient time to disperse incipient cloud cores before
they accumulate even more mass by absorbing other parcels
from the above-grid Ñows. Figure 4 shows the isoÈsurface
density contours, plotted on a gray scale, for a simulation
in which R\ 50, with subgrid turbulence included as
described in the previous paragraph. Figures 4a and 4b, at
simulation times, respectively, of 5 and 20 Myr, clearly still
retain memory of the sinusoidal starting conditions. Active
star formation is well underway by the simulation times of
35 and 50 Myr of Figures 4c and 4d. In the latter two
panels, short Ðlaments a few pc long studded with dense
cores show up more prominently than long Ðlaments tens of
pc long, although the eye, guided with sufficient imagina-
tion (or with the help of equipotential contours as in Fig. 1),
can still trace out very elongated, partially broken, features.
The main problem in comparing Figures 4c and 4d with
observations is that real clouds do not exhibit nearly as
many empty holes. This discrepancy undoubtedly arises
because of the simplifying assumption that the GMC is a
completely Ñat sheet and that outÑows carve out cavities
coplanar with this sheet. The situation is clearest in Figure
4b, where individual outÑows can be seen that have swept-
up parsec-scale biconical cavities in extended cloud gas left
over from the initial conditions. One has the impression
that the images would look more realistic if the outÑow
dynamics were not all projected into a single plane but were
distributed in z also over scales of a pc or so (see the com-
ments in Shu et al. 1987, p. 36). One also has the impression
that Figures 4c and 4d are statistically too uniform to be
maps of real giant molecular clouds. This blandness might
be alleviated by simulations in which the momentum injec-
tion occurs by continuous outÑows of Ðnite duration and
varying intrinsic power and is not input impulsively and all
of the same strength as in the current calculations.
In Figure 5 we study the e†ects of taking an initial spatial
periodicity in the perturbations that is twice that of Figure
4. The greater coherence in converging motions yields an
earlier start to active star formation, and the lengths of the
corresponding Ðlaments are initially longer ; however, the
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FIG. 4a FIG. 4b
FIG. 4c FIG. 4d
FIG. 4.ÈGray-scale plots of isoÈsurface density for the case R\ 50 and subgrid turbulence at a level km s~1. Each side of the computationalv0\ 0.195box measures 25.6 pc. (a) : time of 5 Myr ; (b) : 20 Myr ; (c) : 35 Myr ; (d) : 50 Myr.
late-time behavior and appearance of Figures 4 and 5 are
quite similar. Very long and well-aligned Ðlaments in
GMCs may require, therefore, special starting conditionsÈ
e.g., an origin via the Parker instability in spiral galactic
shocks (Mouschovias, Shu, & Woodward 1974 ; Matsu-
moto & Shibata 1992) ; pursuit of this line of thought might
yield insight into the formation mechanisms of GMCs in
present-day spiral galaxies.
The curve labeled km s~1 in Figure 6 showsv0\ 0.195the corresponding line widthÈsize relationship for the simu-
lation of Figure 4 at a time at which 22% of the original
GMC mass has turned into stars. (The corresponding
diagram for the simulation of Fig. 5 looks very similar.)
Notice that we now have a smooth transition at L \ 0.1 pc
from subgrid to above-grid scales. (The subgrid value is
calculated before projection from at a sizevrms \ v0/J3L \ 0.05 pc. Projection at a viewing angle of 45¡ to the
sheet reduces line widths by a further factor The1/J2.)
correct eigenvalue 0.195 km s~1 for is found by per-v0forming trial simulations with di†erent values for untilv0we achieve physical continuity and reasonableness in the
line widthÈsize relationship, i.e., by the self-consistent
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FIG. 5a FIG. 5b
FIG. 5c FIG. 5d
FIG. 5.ÈGray-scale plots of isoÈsurface density for the case R\ 50 and subgrid turbulence at a level km s~1, but with a spatial period ofv0\ 0.195the initial perturbations equal to twice that of Fig. 4. Each side of the computational box measures 25.6 pc. (a) : time of 5 Myr ; (b) : 20 Myr ; (c) : 35 Myr ; and
(d) : 50 Myr.
requirement that the subgrid-turbulence is sustainable by
whatever mechanism maintains the turbulence at above-grid
scales.
For illustrative purposes, Figure 6 also shows the result-
ant line widthÈsize relationship when di†ers from thev0self-consistent eigenvalue km s~1. Whenvsc\ 0.195 v0\0.150 km cores assemble too readily, and star for-s~1\vsc,mation proceeds at too quick a pace, with a consequent
injection of too much turbulence at larger than grid scales.
One expects a raising of to occur, leading to a lowering ofv0
the core-accumulation and star formation rates. When
km cores disperse too readily, and starv0\ 0.200 s~1[vsc,formation proceeds at too slow a pace, with a consequent
maintenance of turbulence at all scales little more than what
is assumed (artiÐcially) for subgrid values. One expects a
lowering of to occur, leading to a raising of the core-v0accumulation and star formation rates. As Figure 6 indi-
cates, the cessation of star formation with increasing
subgrid turbulence occurs sharply for given contrast ratio
R, almost as a phase transition. Thus, the determination of
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FIG. 6.ÈLine widthÈsize relationship at 50 Myr for the case R\ 50 at
a time when 22% of the original GMC mass has turned into stars and
when we assume three di†erent levels of subgrid turbulence : v0\ 0.150,0.195, and 0.200 km s~1. The quantity is computed for a line of sightvrmsinclined at 45¡ with respect to the sheet normal.
is better bounded above than below. Conversely, forvscgiven subgrid turbulence the onset of star formation willv0,occur sharply with decreasing contrast ratio R (increasing
Coupled with the similar Ðndings of Lizano & Shu&avg).(1989) concerning the ability of too much turbulence to shut
o† dense core formation by ambipolar di†usion (in sub-
umbral clouds), these results help to justify earlier specula-
tions that turbulence (in addition to photoionization) may
help to self-regulate the star formation rate in GMCs (e.g.,
Norman & Silk 1980 ; McKee 1989).
Figure 7 shows a histogram of the number of cells N
containing surface density & in equally spaced bins for the
self-consistent model of Figure 4. The abscissa of the graph
is the normalized surface density and the ordinate is&/&max,N ] 1, where the 1 is added so that null bins can be sensibly
plotted on a logarithmic scale. Most cells are occupied by
relatively low density gas, accounting, perhaps, for the ease
with which ultraviolet photons seemingly penetrate GMCs
(e.g., Schneider et al. 1998). A very small percentage of the
cloud mass is instantaneously in cores with & close to &max,consistent with our assumption that the time spent in such
dense states is very short.
Figure 8 shows the star formation history of the R\ 50
model with the self-consistent level of subgrid turbulence
determined, globally and for all time, as km s~1.v0\ 0.195The corresponding characteristic star formation time isq
*quite reasonable, 70È200 Myr, over the duration when star
formation has consumed between 5% and 20% of the orig-
inal GMC gas.
Table 2 summarizes some results for when we vary Rq
*and choose by the eigenvalue procedure described above.v0Notice that regions that are more dense on average (smaller
R) have higher self-consistent levels of subgrid turbulence.
The dissipation of the turbulent energy may also make such
regions physically hotter than the conventional 10 K that
arises by cosmic-ray heating. Such regions are known
FIG. 7.ÈHistogram of number of cells (plus 1) vs. the normalized
surface density in those cells for the case of Fig. 4d.&/&max
empirically to give birth to the formation of higher mass
stars, which in turn yield more powerful outÑows (see, e.g.,
Shu et al. 1987 ; Myers 1995 ; Plume et al. 1997 ; Evans 1999).
None of these e†ects are incorporated into the present
simulations. In the future, it would be desirable to develop
time-dependent procedures for obtaining locally thatv0properly account for the three-dimensional structure of
cloud cores at subgrid scales, including some evaluation of
the e†ects for the production of di†erent stellar masses.
Independent of this more ambitious overall program, we
are encouraged that the inclusion of realistic values for
subgrid turbulence reduces the need to appeal to high
FIG. 8.ÈMass accumulated in stars as a function of GMC evolutionary
time for the case R\ 50 and subgrid turbulence at a globally constant level
km s~1.v0\ 0.195
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TABLE 2
CHARACTERISTIC TIMESCALE FOR STAR FORMATION WITH SUBGRID TURBULENCEq
*
AS LABELEDv0
R\ 25, R\ 50, R\ 100,
v0\ 0.375 km s~1 v0\ 0.195 km s~1 v0\ 0.110 km s~1
Percent in Stars (Myr) (Myr) (Myr)
5 . . . . . . . . . . . . . . . . . 60 70 150
10 . . . . . . . . . . . . . . . 30 70 160
15 . . . . . . . . . . . . . . . 40 100 190
20 . . . . . . . . . . . . . . . 70 200 310
values of R to obtain model star formation rates in agree-
ment with those from observations.
6. PHYSICAL INTERPRETATION AND SPECULATION
According to Table 2, models with R between 50 and 100
and with a level of turbulence on scales above and below the
grid size consistent with driving by outÑows from low-mass
YSOs yield inverse star formation rates that are typical of
the average GMC in the Galaxy, Myr. What isq
*
D 250
the physical signiÐcance of a contrast ratio, say, R4
If is a physical constant D103&max/&avg D 50? &max M_pc~2 in di†erent regions of active star formation, then
RD 50 implies pc~2, which corresponds to a&avg D 20 M_visual extinction of D1 mag perpendicularly through the
molecular sheet, or D2 mag at a typical slant path through
it. The last number is not unreasonable for a GMC (see, e.g.,
Blitz 1993), especially if we consider that our averaging pro-
cedure over the entire computational volume includes sig-
niÐcant numbers of wind-blown cavities.
The value for pc~2 is also interesting.&max D 103 M_The corresponding visual extinction to such a core center is
25 mag, which is somewhat too large to attribute to the
cuto† of ionizing far-ultraviolet photons (cf. McKee 1989).
It is closer to the column density for the exclusion of soft
X-rays, and it may be that X-rays from neighboring YSOs
(e.g., Silk & Norman 1983 ; Glassgold, Feigelson, & Mont-
merle 2000) play an additional role to ultraviolet radiation
in preventing much ambipolar di†usion from occurring,
until cores form with to their centers that exceed 25 magA
Vand that can shield out all ionizing radiation except for
Galactic cosmic rays (Lepp 1994 ; Helmich et al. 1995). The
calculations are a little too crude at this point in the devel-
opment of the theory to place too much credence on a
speciÐc value for the threshold visual extinction ; we would
merely claim that observations and theory are currently
both consistent with the idea that photoionization of some
sort provides a regulating inÑuence on star formation addi-
tional to that provided by turbulence.
As noted before, Tables 1 and 2 are consistent with the
rough scaling when the GMC has reached a quasiÈq
*
P R
steady state. Thus, the characteristic time for star formation
can become comparable to the free-fall time of Da fewq
*Myr, only in those rare entire regions where R approaches
unity and approaches i.e., where entire large&avg &max,regions consist of material at essentially core densities. This
Ðnding appears roughly consistent with the studies of clus-
tered star formation by Lada et al. (1991) and Hillenbrand
(1997).
What explains the wide variety of values of R encoun-
tered in di†erent molecular cloud regions? The methods of
this paper, which postulate given values of the background
surface density in critically magnetized calculations&avg
with periodic boundary conditions, cannot provide an
answer to this question. We need to consider unconstrained
GMC models in which j exceeds unity, moderately, even on
a large scale. The greatest modiÐcation to result from such
studies will be the tendency toward virialization that is
necessitated by the presence of unbalanced gravitational
and magnetic forces (cf. Matzner & McKee 1999). This
process will cause a GMCÈor pieces of it, such as large
dense cores, where cluster star formation occurs (e.g., Lada
1999)Èof a given mass M to expand or contract to a size L
that is virially consistent with the level of turbulence and
magnetically diluted gravitational forces that are present in
the local simulation. The combination M/L2 will then deÐne
a typical background surface density that would replace the
used in the present simulations. It is to be hoped that&avgself-consistent investigations of this type (that include the
e†ects of YSO feedback) will give a Ðrst principles under-
standing of the di†erences between clustered and distrib-
uted star formation (see Evans 1999).
7. DISCUSSION
The toy model introduced in this paper clearly has its
limitations when we attempt to apply it to the real world.
Removing some of these limitations (e.g., the periodic
boundary conditions) would not represent hard work ;
removing others (e.g., the two-dimensionality of the
calculations) would require abandoning simplifying basic
properties of the toy model (e.g., the Shu & Li 1997
theorems) and would add considerable computational
e†ort. An important physical addition for future e†orts
would be to incorporate the e†ects of ambipolar di†usion
and Ñux redistribution (and perhaps UV and X-ray
photoionization) on the subgrid scale by separate computa-
tion, using the outer-scale two-dimensional results as
boundary conditions for an inner-scale three-dimensional
calculation. The resulting departures from isopedic condi-
tions (i.e., variable j) would introduce some complications,
but it would still be possible to handle the gravitational and
magnetic forces on the large scale as two scalar-potential
Ðelds.
Another interesting topic to explore in future models is
the role of high-mass star formation, which may be espe-
cially relevant in regions of high average surface density
(low values of R ; e.g., Heaton et al. 1985 ; Kurtz et al. 2000).
High-mass stars have much more powerful winds than low-
mass stars (Churchwell 1999), and their H II regions help to
photoevaporate incipient molecular cloud cores (Arthur &
Lizano 1997) as well as the nebular disks (proplyds) around
T Tauri stars (OÏDell, Wen, & Hu 1993 ; Johnstone, Hollen-
bach, & Bally 1998). Indeed, a complete model of GMC
structure and evolution should not only compute the feed-
back e†ects of high-mass stars on the cloud but should also
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explain what are the conditions required in the cloud to
obtain the formation of these objects in the Ðrst place.
After the above improvements are implemented, it might
be worthwhile to use clump-Ðnding algorithms in the model
maps to measure the number of clumps N(M)dM between
mass M and M ] dM for comparison with the canonical
observational result N(M)P M~1.5 (e.g., Williams, de
Geus, & Blitz 1994). Unless there are departures from j \ 1,
““ clumps ÏÏ exist only as turbulent Ñuctuations and not as
entities, since gravitational and magnetic forces are every-
where in neutral balance above the grid scale. In j \ 1
models, it is similarly meaningless to discuss issues such as
the connection between density-size and line widthÈsize
relationships within the context of the virialization of
molecular clouds (cf. Myers & Goodman 1988).
Despite its weaknesses, our toy model may contain some
elements of essential truth. In particular, we see many
advantages to the hypothesis that GMCs (or large clumps
within them), unlike their cores, are highly Ñattened struc-
tures, rather than fully three-dimensional objects. Fully
three-dimensional clouds that are extended in the mean
direction of the magnetic Ðeld and that are marginally criti-
cal necessarily have small subunits that are highly sub-
critical (since the mass scales with the cube of size but the
Ñux scales only as the square). A value of j > 1 makes the
formation of self-gravitating cloud cores extremely slow and
difficult. As Mestel (1965) was the Ðrst to point out, Ñat-
tened clouds do not su†er this disadvantage, although the
fragmentation of such objects may occur in a somewhat
di†erent way than originally envisaged by him. In particu-
lar, in the presence of a turbulent velocity Ðeld, Ñattened
clouds that are only marginally critical (j D 1) rather than
highly supercritical (j ? 1) can form fragments without
undergoing global gravitational collapse. (Gravitational
fragmentation, in contrast to turbulent fragmentation, is
difficult even for j \ 1 sheets ; see Shu & Li 1997.)
But how do we reconcile the theoretical desirability of
having Ñattened clouds with the observational difficulty dis-
cussed in ° 5 that bipolar outÑows of parsec scale do not
look as if they are propagating into highly Ñattened struc-









where a is the isothermal sound speed, is the z-componentvtof the turbulent velocity, and g is the ratio of the horizontal
gravitational Ðeld and 2nG& (see eqs. [1.3] and [2.28] of
Shu & Li 1997). In equation (5), we have heuristically added
turbulent support in quadrature to a2, and angle brackets
refer to averages over horizontal length scales comparable
to For simplicity, let us ignore the factor Sj2T/2z0.(Sj2T ] Sg2T) associated with magnetic pinch. For
S&T\ 20 pc~2, then, equation (5) implies pc,M
_
z0 [ 1where exceeds 0.6 km s~1. For S&T \ 80 pc~2,Svt2T1@2 M_it implies is less than half our nominal grid length of 0.1z0pc when drops below the typical local sound speedSvt2Ta D 0.2 km s~1. We might expect the Ðrst situation to apply
in extended regions where outÑows propagate once they
break through their local molecular cloud cores. We might
expect the second to apply in UV-shielded regions in which
fragments arising from the dissipation of a turbulent veloc-
ity Ðeld undergo further condensation by ambipolar di†u-
sion and form true molecular cloud cores. These cores with
j B 2, relatively free of turbulence, and supported against
self-gravity as much by thermal pressure as by magnetic
Ðelds, are the sites for future star formation.
In such a picture, star-forming cloud cores are ““ islands of
calm in a turbulent sea ÏÏ (Goodman et al. 1998). Converging
turbulent Ñows are a precursor to core production and a
promoter of star formation (Nakano 1998 ; Williams &
Myers 1999 ; Myers & Lazarian 1999), while diverging turb-
ulent Ñows are a precursor to cloud destruction and a regu-
lator of too rapid a rate of star formation (Norman & Silk
1980 ; Matzner & McKee 1999). Variations along these
themes may yield a promising scheme for understanding the
ubiquitous presence of Ðlamentary chains of dense cores in
GMCs that does not require global gravitational collapse
with its attendant untenably high rates of star formation.
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Note added in proof (2000 April 18).ÈIn a recent preprint, J. Chappel & D. Scalo (preprint [2000]) extend their two-
dimensional simulations of wind-driven gas networks to include the e†ects of threshold star formation if cloud Ðlaments pass
a critical surface density for gravitational instability. Except for the lack of emphasis on magnetic Ðelds, these ideas and
calculations are similar to those reported in the present paper.
